I present an overview of the standard model, concentrating on its global continuous symmetries, both exact and approximate. There are four lectures, dedicated to spacetime symmetry, flavor symmetry, custodial symmetry, and scale symmetry. Topics include Weyl, Majorana, and Dirac spinors; massive neutrinos; electroweak symmetry breaking; effective field theory; and the hierarchy problem.
I was asked to give four lectures entitled Introduction to the Standard Model. However, I suspect all TASI students already have some familiarity with the standard model, so I do not intend to start from scratch. Instead, I would like to talk about some advanced topics within the standard model, ones that are not necessarily covered in a first course. After I finished preparing these lectures, I noticed that there was an underlying theme of symmetry, hence the title of these lectures.
The first two lectures are aimed at understanding neutrinos. Neutrino mass is definitely physics beyond the standard model. My aim is to convince you of this. The first lecture is a general introduction to fermion fields, in particular their transformation properties under spacetime symmetry. The second lecture is concerned with flavor symmetry in both the quark and lepton sector.
The last two lectures are about the Higgs sector of the standard model. Lecture 3 discusses custodial symmetry both within the standard model and more generally. Lecture 4 discusses why the standard Higgs model is problematic when you embed it in a more fundamental theory characterized by a very high energy scale, such as in grand unification.
Although the history of particle physics is fascinating, my presentation will not follow the historical development of these topics. Instead, I will try to present things in a logical manner, deriving as many things as I can from scratch. Some of the details I leave to you in the form of exercises; solutions are included in an Appendix. Occasionally I will make a leap, but I will try to point you to places where you can fill in the gap.
Weyl, Majorana, Dirac
We all hear (and use) the names Weyl, Majorana, and Dirac in the context of fermions, but there tends to be some confusion about them. In this lecture I hope to clarify their use. I will discuss the Lorentz-transformation properties of fermions, but I will stop short of actually quantizing the fields in terms of creation and annihilation operators. Thus I will only be dealing with the classical aspects of these fields. The quantized fermion field is dealt with in many textbooks. I will usually work with the notation and conventions of Peskin and Schroeder [1] , which is an excellent introduction to quantum field theory.
The generators of the Lorentz group are the rotations, J i , and the boosts, K i . They satisfy the algebra [2] [J i ,
The J i are Hermitian, and the K i are anti-Hermitian. The J i satisfy the algebra of the rotation group, SU (2) . The last commutation relation expresses the fact that a boost transforms as a three-vector under rotations. To disentangle the algebra, define the Hermitian generators
Exercise 1.1 -Show that the A i and B i satisfy the algebra
The algebra for the A i and the B i is that of SU (2), and the two algebras are independent. We have thus shown that the Lorentz group, SO(3, 1), is locally isomorphic to SU(2) × SU (2) . Representations of SU (2) are familiar from the representations of the rotation group: each representation is label by "spin," which can have integer or half-integer values. Thus the representations of the Lorentz group are labeled (a, b), where a, b = 1/2, 1, 3/2, .... The simplest representation is (0, 0), which corresponds to a scalar field. The simplest nontrivial representation is (1/2, 0), which corresponds to a Weyl spinor, χ. The generators are
which corresponds to
Hence a Weyl spinor is a 2-component object that transforms under rotations and boosts as χ → e 
where η is the rapidity, which is related to the velocity by β = tanh η. Here I am taking the "active" viewpoint, transforming the spinor while keeping the coordinate system fixed. The transformation under rotations shows that a Weyl spinor carries spin 1/2.
Exercise 1.2 -Calculate the transformations under rotations and boosts of the (0, 1/2) representation.
Let us construct a Lorentz-invariant mass term from a single Weyl spinor. This is called a Majorana mass. It is given by
where ǫ ≡ iσ 2 is the 2 × 2 antisymmetric matrix. Let's show that this mass term is Lorentz invariant. Denote a Lorentz transformation acting on χ by the matrix M, where
σ·θ or e 
Thus under a Lorentz transformation,
Displaying indices,
where the last step uses the fact that det M = 1. Thus M T ǫM = ǫ, which completes the proof in Eq. (4) that χ T ǫχ is Lorentz invariant. Incidentally, this also shows that the Lorentz group is locally isomorphic to SL(2, C), the group of 2 × 2 complex matrices of unit determinant [3] .
Although a Majorana mass is less familiar than a Dirac mass, it is actually a more basic quantity, constructed from a single Weyl spinor. In this sense a Majorana mass is the simplest fermion mass term. However, if χ carries an unbroken global or local U(1) charge, a Majorana mass is forbidden, since it would violate this symmetry. Thus none of the fermions of the standard model (except neutrinos) can have a Majorana mass, since they carry electric charge. More generally, if χ transforms under a complex or pseudoreal representation of an unbroken global or local internal symmetry, a Majorana mass is forbidden. Let
where U is a unitary transformation acting on a set of Weyl spinors. The mass term in Eq. (4) transforms as
where in the last step I have used the fact that U and ǫ act on different spaces. This is invariant only if U T U = 1, which is true only if the unitary transformation U is real (U * = U) [1] . Physically, a fermion with a Majorana mass is its own antiparticle [4] . It is referred to as a Majorana fermion. It cannot carry an unbroken global or local U(1) charge (or, more generally, transform under a complex or pseudoreal representation) because a particle and an antiparticle must carry opposite charge. 
is invariant under the SU(2) symmetry. However, show that this term vanishes.
If a Weyl fermion transforms under a complex or pseudoreal representation of an unbroken global or local symmetry, then we need to introduce a second Weyl fermion that transforms under the complex-conjugate representation in order to construct a mass term. This is a Dirac mass. Let χ, ξ transform under the (1/2, 0) representation of the Lorentz group, and transform under some unbroken global or local symmetry as
Then a Lorentz-invariant mass term may be formed which respects the unbroken symmetry,
Thus it takes two Weyl spinors to construct a Dirac mass. A fermion with a Dirac mass is called a Dirac fermion. That's pretty much all the physics in this lecture; the rest is mathematics, in order to make contact with the standard way of treating this subject. However, there is a result at the end of the lecture that will be of physical interest in Lecture 2.
Thus far we have constructed a Majorana mass from a Weyl spinor, and a Dirac mass from a pair of Weyl spinors. Let us now introduce a new object, the Dirac spinor, which is a four-component object constructed from a pair of (1/2, 0) Weyl spinors χ, ξ via
In terms of a Dirac spinor, a Dirac mass is written in the familiar form
where the final expression is identical with Eq. (9). We are using a specific basis for the Dirac gamma matrices, the so-called Weyl or chiral basis,
where each entry in the above matrices is itself a 2 × 2 matrix. In this basis, the chiral projection operator (1 ± γ 5 )/2 projects out the Weyl spinors,
where Thus a Dirac spinor transforms under the (1/2, 0) ⊕ (0, 1/2) representation of the Lorentz group, corresponding to ψ = ψ L + ψ R .
While a Dirac spinor is composed of two Weyl spinors, a Majorana spinor is a fourcomponent object composed of a single Weyl spinor,
Thus it is simply a four-component version of a Weyl spinor.
is a Majorana mass term.
We can find even more ways of writing fermion mass terms by introducing the chargeconjugation matrix C, which in the Weyl or chiral representation of the Dirac matrices is
Given a Dirac spinor ψ, we can form the conjugate spinor via
Note that the last relation implies that conjugation and chiral projection do not commute.
is a Dirac mass. 
Exercise 1.8 -Show that
This is called the Majorana condition.
In Exercise 1.8 we wrote a Majorana mass in terms of a Dirac spinor. Can we write a Dirac mass in terms of Majorana spinors? Yes, and this is the physically relevant result I promised you earlier in the lecture. Consider a Dirac mass written in terms of a Dirac spinor,
where I'll let you verify the last equality. Now define the Majorana spinors
Then Eq. (20) can be written
Thus a Dirac fermion is equivalent to two degenerate Majorana fermions. However
Thus the two Majorana spinors have the opposite sign under charge conjugation. The Majorana spinor ψ 2 M is therefore of the form
which is a generalization of the construction in Eq. (14) . We will see at the end of Lecture 2 the physical significance of these results.
The various ways we have learned to write Majorana and Dirac masses in terms of Weyl, Majorana, and Dirac spinors are collected in Table 1 . As a final exercise, I invite you to derive the one entry in this Table that we have not yet discussed.
is a Majorana mass.
This form for the Majorana mass in terms of Dirac spinors is used quite commonly [4] . 
Flavor symmetry
In Table 2 I list the fermion fields that make up the standard model, along with their 
where χ, ξ are (1/2, 0) Weyl spinors. A priori u L and (u c ) L are totally independent, despite their names. They are only named thusly because we know they will eventually pair up to make a Dirac spinor
Working in terms of only left-chiral fields is particularly useful for grand unification, where we attempt to combine fermions into representations of a group that contains the standard model as a subgroup. Since left-chiral fields all transform the same way under the Lorentz group, combining them respects Lorentz invariance. The Lagrangian of the standard model is the sum of the gauge, matter, Yukawa, and Higgs interactions,
The pure gauge interactions contain the kinetic energies of the gauge bosons and their selfinteractions. The "matter" Lagrangian contains the kinetic energy and gauge interactions of the fermion fields,
A sum on the index i, which represents the generation, is implied in the Lagrangian. To put this into the canonical form in terms of left-and right-chiral fields, we use which yields
At this stage, all the fermions are massless. Majorana masses are forbidden by the fact that all fermions carry hypercharge; in addition, some transform under a complex representation of SU(3), and some transform under a pseudoreal representation of SU(2) L . Dirac masses are forbidden by the fact that no fermion transforms under the complex-conjugate representation of another fermion.
The absence of fermion masses implies that L M atter has a good deal of (accidental) global symmetry,
This symmetry is accidental in the sense that it is not imposed, but rather follows from the fermion content and gauge symmetries of the standard model. Since there are five independent U(3) symmetries, the global flavor symmetry of the matter Lagrangian is [U(3)]
5 . These global flavor symmetries are violated by the Yukawa couplings of the fermions to the Higgs field (see Table 2 ),
where Γ u , Γ d , Γ e are 3 × 3 complex matrices in generation space. 
and lepton number
Thus baryon number and lepton number are accidental global symmetries of the standard model (see also Exercise 2.2). When the Higgs field acquires a vacuum expectation value,
the fermion fields (except neutrinos) become massive via their Yukawa couplings to the Higgs field, Eq. (29),
where
are fermion mass matrices. Thus ψ L and
The neutrino field ν L carries no unbroken gauge symmetry, so it could potentially acquire a Majorana mass
However, this term is forbidden by the accidental lepton number symmetry. Actually, baryon number and lepton number are anomalous, but B − L is not [1] . So it is more precise to say that a Majorana neutrino mass is forbidden by B − L. The Yukawa matrices Γ in Eq. (29) are 3 × 3 complex matrices, and since there are three of them we have apparently introduced 3 × 3 × 3 × 2 = 54 new parameters into the theory. However, we will now show that only a subset of these parameters are physically relevant.
Given this Lagrangian, one can proceed to calculate any physical process of interest. However, it is convenient to first perform field redefinitions to make the physical content of the theory manifest. These field redefinitions do not change the predictions of the theory; they are analogous to a change of variables when performing an integration. To make the masses of the fermions manifest, we perform unitary field redefinitions on the fields in order to diagonalize the mass matrices in Eq. (31):
Each matrix A must be unitary in order to preserve the form of the kinetic-energy terms in the matter Lagrangian, Eq. (28), e.g.
where I have switched to index-free notation. Once the mass matrices are diagonalized, the masses of the fermions are manifest. These transformations also diagonalize the Yukawa matrices Γ, since they are proportional to the mass matrices [see Eq. (32)]. However, we must consider what effect these field redefinitions have on the rest of the Lagrangian. They have no effect on the pure gauge or Higgs parts of the Lagrangian, which are independent of the fermion fields. They do affect the matter part of the Lagrangian, Eq. (28). However, a subset of these field redefinitions is the global [U(3)] 5 symmetry of the matter Lagrangian; this subset therefore has no effect.
One can count how many physically relevant parameters remain after the field redefinitions are performed [5] . Let's concentrate on the quark sector. The number of parameters contained in the complex matrices Γ u , Γ d is 2 × 3 × 3 × 2 = 36. The unitary symmetries U Q L , U u R , U d R are a subset of the quark field redefinitions; this subset will not affect the matter part of the Lagrangian. There are 3 × 3 × 3 degrees of freedom in these symmetries (a unitary N × N matrix has N 2 free parameters), so the total number of parameters that remain in the full Lagrangian after field redefinitions is
where I have subtracted baryon number from the subset of field redefinitions that are symmetries of the matter Lagrangian. Baryon number is a symmetry of the Yukawa Lagrangian, Eq. (29), and hence cannot be used to diagonalize the mass matrices. The ten remaining parameters correspond to the six quark masses and the four parameters of the CabibboKobayashi-Maskawa (CKM) matrix (three mixing angles and one CP -violating phase). Thus far the neutrinos are massless. But we know that neutrinos have mass. Why not extend the standard model to include the field N R (it will be clear shortly why I resist labeling the field ν R ), and add the Yukawa interaction Then when the Higgs field acquires a vacuum expectation value, the neutrinos gain a Dirac mass just like all the other fermions. There are two shortcomings to this proposal:
• There is no explanation of why neutrinos are so much lighter than all the other fermions.
• Since N R is sterile, the gauge symmetry allows a Majorana mass term
With this term present, the fields ν L and N R do not pair up to make a Dirac fermion. Rather, there are two Majorana neutrinos per generation, which is more than we need to describe nature.
We will later show how the latter shortcoming can be turned into a virtue that addresses the first shortcoming. The Majorana mass term of Eq. (38) is forbidden if lepton number is imposed as an exact symmetry. In that case, the neutrino would acquire a Dirac mass from the Yukawa interaction of Eq. (37). However, recall that lepton number is an accidental symmetry of the standard model; there is no reason to expect it to be an exact symmetry when we extend the standard model. Even if this scenario were realized in nature, we should still regard it as physics beyond the standard model, because it requires the introduction of two new features: the field N R , and the elevation of lepton number from an accidental to an exact symmetry.
Rather than add the field N R , let's regard the standard model as a low-energy effective field theory, with a Lagrangian that is an expansion in inverse powers of some large mass M [2, 6] ,
The terms beyond the standard model represent operators of higher and higher dimension, starting with dimension five, which is the least suppressed. Given the field content and gauge symmetries of the standard model, there is only one dimension-five operator, 
The neutrino is allowed to acquire a Majorana mass because lepton number is violated by L 5 . Thus lepton number is only a low-energy accidental symmetry, and is in general violated by higher-dimension operators.
We see from Eq. (41) that neutrino masses are of order v 2 /M. Thus, if M ≫ v, neutrino masses are naturally much less than v. This is an attractive explanation of why neutrinos are so much lighter than all the other fermions. 
Exercise 2.5 -Show that the MNS matrix (the analogue of the CKM matrix in the lepton
where I have switched to an index-free notation. If M R is very large, then the field N R is not present at low energy, and we can integrate it out of the theory. At low energy, N R acts like a non-dynamical, classical field, and we can remove it by solving its equation of motion,
and plugging it back into Eq. (42). This yields Eq. (41), where
Thus we see that the mass M in our effective-field-theory description, Eq. (39), is proportional to the mass M R . The effective field theory breaks down when one approaches energy of order the mass of the heavy Majorana neutrino N R . I show in Fig. 1 the spectrum of neutrino masses of a single generation in the two limits we have just discussed. If M R ≫ v, then N R is a heavy Majorana neutrino of mass M R , and ν L is a very light Majorana neutrino of mass O(v 2 /M R ). In the other extreme, if M R = 0 (which would be the case if lepton number were an exact symmetry), ν L and N R pair up to make a Dirac neutrino of mass O(v). This exemplifies the fact that a Dirac neutrino can be thought of as two degenerate Majorana neutrinos (of opposite charge conjugation), which we showed at the end of the previous section.
A heavy neutrino of mass M R yielding a light neutrino of mass O(v 2 /M R ) is called the "seesaw" mechanism: compared with the mass scale v, one has gone up and the other has gone down [4] . The effective-field-theory description, Eq. (39), can be regarded as a generalization of the see-saw mechanism, one that does not depend on the details of the new physics residing at the scale M. 
Custodial symmetry
We now leave the flavor sector of the standard model to begin a discussion of the Higgs sector, or more generally, the electroweak-symmetry-breaking sector. In this section we consider the global symmetries of this sector.
The Higgs sector of the standard model is described by the Lagrangian
where the Higgs potential is
and the gauge-covariant derivative is
The Higgs Lagrangian is SU(2) L × U(1) Y symmetric by construction, but it also has an approximate (accidental) global symmetry. To see this, it is useful to rewrite the Lagrangian as follows. Label the components of the Higgs-doublet field as
Then ǫφ * , which is also an SU(2) L doublet (see Exercise 2.1), has components
where I've used φ − = φ + * . Now define a Higgs matrix (or bi-doublet) field
We can rewrite the Higgs Lagrangian in terms of this matrix field as
where the potential is given by
and the gauge-covariant derivative by
Note the Pauli matrix σ 3 at the end of the last term in the above equation. This is necessary because φ and ǫφ * have opposite hypercharge.
Exercise 3.1 -Verify that Eqs. (45) and (51) are identical.
The SU(2) L × U(1) Y gauge symmetry acts on the Higgs matrix field as
where the σ 3 in the hypercharge transformation is again due to the opposite hypercharges of φ and ǫφ
which shows it is invariant. To make the approximate global symmetry manifest, take the limit that the hypercharge coupling vanishes, g ′ → 0. The Higgs Lagrangian is still given by Eq. (51), but now the gauge-covariant derivative is given simply by
We see that in this limit the Lagrangian has a global symmetry SU(2) R , given by
Under an SU(2) R transformation,
which shows it is invariant. Thus in the limit g ′ → 0, the Higgs sector of the standard model has the global symmetry SU(2) L × SU(2) R , where SU(2) L is just the global version of the gauge symmetry, and SU(2) R is an approximate, accidental global symmetry:
When the Higgs field acquires a vacuum expectation value, Eq. (30), the matrix field is
This breaks both SU(2) L and SU(2) R ,
but leaves unbroken the subgroup SU(2) L+R , corresponding to simultaneous SU(2) L and SU(2) R transformations with L = R:
Thus the Higgs vacuum expectation value breaks the global symmetry in the pattern
This is called "custodial symmetry;" actually, some authors refer to SU(2) R by this name [6] , while others reserve it for SU(2) L+R [7] . Since SU(2) is a three-dimensional group, the number of broken generators is 3+3−3 = 3. These give rise to three massless Goldstone bosons, which are then eaten by the Higgs mechanism to provide the mass of the W + , W − , and Z bosons,
Thus
at tree level.
Exercise 3.3 -Show that W

A µ transforms as a triplet under global SU(2) L and a singlet under SU(2) R , and hence as a triplet under the unbroken SU(2) L+R .
Thus, in the limit g ′ → 0, W + , W − , Z form a triplet of an unbroken global symmetry. This explains why M W = M Z in the g ′ → 0 limit. Custodial symmetry also helps us understand properties of the theory beyond tree level. Due to the unbroken SU(2) L+R in the g ′ → 0 limit, radiative corrections to the ρ parameter in Eq. (66) due to gauge and Higgs bosons must be proportional to g ′2 . For example, the leading correction to the ρ parameter from loops of Higgs bosons (Fig. 2) in the MS scheme isρ
This correction vanishes in the limit g ′ → 0 (sin 2 θ W → 0). The custodial symmetry protects the tree-level relation ρ = 1 from radiative corrections, and hence it's name. This leading correction, proportional to ln m h , allows us to bound the Higgs-boson mass from precision electroweak measurements. Custodial symmetry also helps us understand radiative corrections due to massive fermions, as shown in Fig. 3 . The leading correction due to loops of top and bottom quarks is [8] 
Exercise 3.4 -Show that this correction vanishes in the limit
m t = m b .
Exercise 3.5 -Show that the t, b Yukawa couplings have a custodial symmetry in the limit
This leading correction, proportional to the square of the fermion mass, allowed us to predict the top-quark mass from precision electroweak measurements before it was discovered. Thus we see that custodial symmetry is vital to our understanding of the electroweak sector. However, the physical Higgs boson itself is not really necessary. As long as the electroweak-symmetry-breaking mechanism possesses custodial symmetry, the ρ parameter equals unity at tree level and is protected from large radiative corrections.
Let's develop an effective field theory of electroweak symmetry breaking that makes custodial symmetry manifest [9] . A simple way to do this is to replace the matrix field Φ with another matrix field, Σ, which contains the Goldstone bosons, π i (which are eaten by the weak vector bosons), but does not contain a physical Higgs boson:
The Lagrangian for electroweak symmetry breaking (EWSB) is the analogue of Eq. (51),
The Goldstone-boson matrix field Σ transforms under custodial symmetry as
while under an infinitesimal SU(2) L+R transformation it transforms linearly,
Since SU(2) L × SU(2) R is realized non-linearly, this model is called the non-linear sigma model. The fact that the symmetry is realized non-linearly means that it is broken. Unitary gauge corresponds to Σ = 1. The electroweak-symmetry-breaking Lagrangian, Eq. (70), yields the correct vector boson masses of Eq. (64). The only other dimension-two operator allowed by the SU(2) L × U(1) Y gauge symmetry is
This term contributes to the W and Z masses such that
Exercise 3.7 -Show that this operator violates the custodial symmetry.
This proves that custodial symmetry is sufficient to produce ρ = 1 at leading order in the effective theory of electroweak symmetry breaking. Beyond leading order, the effective theory has a tower of higher-dimension operators,
The power counting is different from that of the effective field theory we previously encountered in Eq. (39), where the leading term, L SM , is renormalizable. Here the leading term, of dimension two, is non-renormalizable. The effects of the higher-dimension operators are suppressed by E 2 /Λ 2 , where Λ ≤ 4πv. All we are really sure of is that the electroweak symmetry is broken and that the electroweak symmetry breaking sector has an approximate custodial symmetry. We don't really know if a Higgs boson exists. The Fermilab Tevatron and the CERN Large Hadron Collider will settle that question.
Scale symmetry
Although we do not really know the mechanism of electroweak symmetry breaking, let alone whether a Higgs boson exists, it is appropriate to consider the minimal model with a single Higgs doublet as the "standard model." This is due to the remarkable fact that precision electroweak measurements are consistent with a relatively light Higgs boson, m h = 114
GeV [10] . It could have turned out that these measurements were not consistent with a Higgs boson of any mass, but that is not the way things have unfolded.
As discussed in Section 2, it is likely that the standard model is the leading term in an effective Lagrangian, Eq. (39), corresponding to an expansion in inverse powers of some large scale M. There are at least three hints that the scale M is very large, much greater than the weak scale, v:
• As discussed in Section 2, Majorana neutrino masses are of order v 2 /M, which implies M ∼ 10 14 − 10 16 GeV.
• Attempts at grand unification indicate that unification of the gauge couplings of the standard model occurs at around 10 16 GeV.
• Quantum gravity becomes important at or before the Planck scale,
This raises a puzzle: if the fundamental scale of physics, M, is so high, why does the standard model reside at the ordinary energies that we observe, rather than at M? The standard model explains this in part, but not entirely. Let's begin with fermions. As we discussed in Section 2, the fermions transform under a complex representation of the gauge symmetry. There are no fermions that are gauge singlets or transform under a real representation, so Majorana masses are forbidden. There are no pairs of fermions which transform under complex-conjugate representations of the gauge symmetry, so Dirac masses are forbidden. Thus fermions are massless until the SU(2) L × U(1) Y symmetry is broken. Hence fermion masses are naturally of O(v).
Although this is a successful explanation of why fermions are light compared with M, it is not entirely satisfactory. Only the top quark has a mass of O(v); all the other charged fermions are considerably lighter. In the standard model, this is due to the very small Yukawa couplings of the fermions. It is puzzling that these couplings are so small; for the electron, the Yukawa coupling is about 10 −5 . These small couplings suggest that there is an approximate flavor symmetry at work (see Section 2), only weakly violated by the Yukawa couplings.
As discussed in Section 2, neutrino masses are zero at leading order in the effective theory due to an accidental lepton number symmetry. This symmetry is violated by the dimension 5 operator in Eq. (40), giving rise to a small neutrino mass of O(v 2 /M). As mentioned above, this is one of the reasons we believe that M ≫ v.
In addition to the fermion masses, the flavor sector also contains the CKM and MNS mixing matrices, whose mixing angles are listed in Let's now turn to the gauge bosons. Gauge bosons are associated with a local (gauge) symmetry that protects their masslessness. Under a gauge transformation, the gauge bosons transform as
where T A are the generators of the group. It is the second term in this transformation that forbids a mass term,
where Tr
Thus gauge bosons are massless unless the gauge symmetry is broken. Hence the photon and gluons are massless, while the weak vector bosons naturally have a mass of O(v).
Gauge bosons are associated with a local symmetry, but it is not clear which way the logic runs: are they massless because of the local symmetry, or is the local symmetry present because they are massless? It's not even clear that it makes sense to think about it either of these ways. For many years physicists considered the local symmetry to be fundamental, but that position is no longer held sacred. For example, in string theory there are massless, spinone modes of the string, and at low energy these are described by an effective gauge theory, even though the underlying string theory is not based on gauge symmetry [2] . Perhaps even more remarkable are supersymmetric field theories with electric-magnetic duality. There are examples in which the long-distance (magnetic) degrees of freedom include massless gauge bosons with a local symmetry, yet the short-distance (electric) degrees of freedom do not possess this local symmetry [11] .
Because of its importance, I want to dwell in more detail on the connection between massless gauge bosons and gauge symmetry. For simplicity, I'll specialize to QED, although the results for a non-Abelian gauge theory are analogous.
Gauge symmetry implies a Ward identity. In the case of the photon self energy Π µν , shown in Fig. 4 , the Ward identity is
where q is the photon four momentum. This implies that the self energy must have the form
We can calculate the effect of the photon self energy on the photon propagator by summing the geometric series shown in Fig. 5 . It is particularly easy to do this in Landau gauge, where the numerator of the propagator has the same form as the self energy, Eq. (79). We find
Thus the propagator acquires a factor [1 − Π] −1 . Let's now proceed to calculate the contribution to Π from a fermion loop. Using the Feynman diagram in Fig. 4 , we find [1] 
where Q is the fermion electric charge and the factor (−1) is from the fermion loop. Let's calculate in N dimensions, in order to regulate the ultraviolet divergence. Contracting both sides of this equation with g µν yields
where I've used g µν g µν = N. The trace gives
+ + + Figure 5 : The renormalized photon propagator from a sum of self-energy diagrams.
where I've used
Now let's rewrite the numerator in terms of factors appearing in the denominator,
This allows us to write Eq. (82) in the simple form
Let's first work in N = 4 dimensions (ǫ = 0). The first two integrals above are quadratically divergent. Let's simply cut them off. The first integral gives
where I've Wick rotated to Euclidean space (k
The second integral gives the same result after first performing the shift k → k − q. Thus we find
Inserting this into Eq. (80), we see that the photon has acquired a (tachyonic) mass of O(M):
What went wrong? Although it is not evident from our calculation, simply cutting off the integral violates the Ward identity, Eq. (78) [1] :
Thus the Ward identity, which follows from gauge symmetry, is essential to protect the masslessness of the photon. Rather than using a cutoff, we can evaluate the photon self energy in N dimensions, which respects the Ward identity. The quadratically divergent integrals give
The pole at ǫ = 1 (N = 2) signals the quadratic divergence. However, these integrals are multiplied by a factor (ǫ − 1) in Eq. (85). Using
we see that the pole at ǫ = 1, and hence the quadratic divergence, was illusory. The quadratic dependence on the cutoff M that we discovered above was an artifact of using a regulator that violates the Ward identity. After some additional work, one finds [1]
The pole at ǫ = 0 (N = 4) signals a logarithmic divergence. Inserting this into Eq. (80), we find that the photon propagator still has a pole at q 2 = 0, so the photon remains massless, thanks to the Ward identity.
Thus the standard model successfully explains why fermions and gauge bosons are so much lighter than the hypothesized fundamental scale, M. Now let's turn to scalars. Here is where the standard model is not so successful. A scalar mass term is of the form
and this is always allowed regardless of the gauge symmetry. Thus there is no reason for scalars to be light compared to M. In the standard model, this would mean that the Higgs field would naturally have a mass of O(M), and thus not be available at low energy to break the electroweak symmetry. There are at least two ways to avoid this conclusion. One way is to make the scalars Goldstone bosons of some broken global symmetry. As we saw in Exercise 3.6, Goldstone bosons transform as π i → v 2 θ i + π i , which forbids a mass term, L = −m 2 π i π i . Perhaps the Higgs field is a (pseudo)-Goldstone boson of some (approximate) broken global symmetry. This is the idea behind the currently popular "little Higgs" models [12] .
The other generic way to make scalars massless is to use supersymmetry [13] . A scalar field is replaced by a scalar superfield, φ → Φ (not to be confused with the matrix field Φ of Section 3). The superpotential W (Φ) depends only on Φ, not Φ * , which is referred to as the property of holomorphy. If the scalar field transforms under a complex or pseudoreal representation of some global or local group, then a mass term, W (Φ) = 1 2 mΦ 2 , is forbidden, exactly as we saw for fermions in Section 2. Since supersymmetry connects bosons and fermions, it is not surprising that the same method we used to make fermions light can also be used to make scalars light.
Unfortunately, the minimal supersymmetric standard model does not make use of this method. That model requires two light Higgs-doublet superfields, H 1 and H 2 , with opposite hypercharge, in order to provide masses to both up-type and down-type quarks. Thus a mass term in the superpotential
is allowed by the gauge symmetry. However, this does not mean that supersymmetry is irrelevant to understanding why the Higgs scalars are light compared to M, as we will discuss shortly. We conclude that in the standard model, there is no principle to tell us why the Higgs mass is light compared to the hypothesized scale of fundamental physics, M. It is not h h Figure 6 : Quadratically divergent contribution to the Higgs-boson mass.
unreasonable to regard this as a merely "aesthetic" problem. However, there is an even worse problem: it is not natural for a scalar mass to be much lighter than M. Consider the one-loop contribution to the scalar mass shown in Fig. 6 . This diagram has a genuine quadratic divergence, so the relation between the Higgs mass evaluated at low energy and at the scale M is
where λ is the Higgs-field self coupling, Eq. (46). In order to obtain m 2 (0) ≪ M 2 , two things must happen:
There is no principle to enforce this. This is the famous "hierarchy problem." A supersymmetric theory has no quadratic divergences, so it solves this "technical" aspect of the hierarchy problem. Instead, one is left with the "aesthetic" problem we already encountered above. Fortunately, there are dynamical ways to achieve this, so this is a much softer version of the hierarchy problem.
To summarize, we have argued that the standard model successfully explains why fermion and gauge boson masses are of O(v), and hence much lighter than the hypothesized scale of fundamental physics, M. However, the standard model fails to explain why the Higgs mass, or equivalently v, is much lighter than M in the first place. This "hierarchy problem" has occupied theorists for a long time, and there are many potential solutions, including:
• Perhaps M is actually not much larger than v, so there is no hierarchy after all.
Theories with extra dimensions are a recent attempt along this direction.
• Perhaps M is only a little bigger than v, so it's really only a "little hierarchy." This is the rationale behind "little Higgs" models [12] .
• Perhaps M really is much larger than v, and low-energy supersymmetry makes this natural [13] .
• Perhaps there are no fundamental scalars in nature after all, and the electroweak symmetry is broken some other way. For example, Technicolor models break the electroweak symmetry via a fermion-antifermion condensate [14] .
If there really are no light fundamental scalars in nature, we have an explanation at the ready. Perhaps the hierarchy problem is not a problem at all, but just a successful explanation of why there are no light fundamental scalars.
No amount of deliberation by theorists alone is going to decide which, if any, of these solutions is correct. Experiment will decide. The Fermilab Tevatron is already probing the physics of electroweak symmetry breaking, and the CERN Large Hadron Collider is sure to give us a lot of information. Our goal is to unravel the mechanism of electroweak symmetry breaking, perhaps with the assistance of a Linear (e + e − ) Collider. It is going to take a lot of effort on the part of both theorists and experimentalists, and it is going to be an awful lot of fun. 
and similarly for the other commutators.
Exercise 1.2 -The (0, 1/2) representation is given by
Hence the (0, 1/2) representation transforms under rotations and boosts as
σ·η χ .
Only the boost transformation differs from that of the (1/2, 0) representation, Eq. (1).
Exercise 1.3 -Gluinos are the superpartners of gluons, and therefore transform under the adjoint representation, which is real.
where I've used the fact that the spinor fields are Grassmann variables. Hence χ aT ǫχ b is symmetric under interchange of a, b, and vanishes when contracted with ǫ ab .
This exercise demonstrates a more general result: a Majorana mass term cannot be constructed for a Weyl spinor that transforms under a pseudoreal representation of a global or local symmetry, because the tensor used to construct the mass term (the analogue of ǫ ab ) is necessarily antisymmetric [1] . A pseudoreal representation is one that is unitarily equivalent to its complex conjugate: U * = SUS † for some unitary transformation S. For SU(2), S = ǫ.
Exercise 1.5 -Under rotations,
where I have used the fact that M = e
σ·θ is unitary if it is a rotation. Under boosts,
where I have used the fact that M = e 
which is equivalent to Eq. (2).
Exercise 1.7 -Eq. (17) may be rewritten
which is Eq. (9).
Exercise 1.8 -Eq. (18) may be rewritten
which is Eq. (2).
Exercise 1.9 -Using the definition of a conjugate spinor, we find
Exercise 1.10 -Eq. (23) may be rewritten
Section 2
using the relation ǫU * = Uǫ derived in Exercise 1.5 (in that case U = M was a spatial rotation, but the group is still SU(2)).
Exercise 2.2 -The lepton sector has one complex Yukawa matrix Γ ij e , and two U(3) symmetries of the matter Lagrangian, minus lepton number which is a symmetry of the full Lagrangian, and cannot be used to diagonalize the mass matrix. Thus the number of parameters is 2 × 3 × 3 − (3 × 3 × 2 − 1) = 1 .
However, we know that m e , m µ , m τ are independent, so there are actually 3 parameters. Thus there must be three symmetries of the full Lagrangian that we need to subtract from the U(3) symmetries, not just one. These are the individual lepton numbers L e , L µ , L τ (where Exercise 2.5 -The counting is similar to that of Exercise 2.2, with two differences. First, we must add the complex, symmetric matrix c ij , which has 2 × 6 parameters. Second, we should not subtract lepton number from the symmetries of the matter Lagrangian, because it is no longer a symmetry of the full Lagrangian, being violated by L 5 . Hence the number of physically relevant parameters is 2 × 3 × 3 + 2 × 6 − 3 × 3 × 2 = 12 .
Of these parameters, six are the charged-lepton and neutrino masses, leaving six parameters for the MNS matrix. Three are mixing angles, and three are CP -violating phases.
Exercise 2.6 -It's easiest to do this with index-free notation:
Solving for N R gives
Plugging this back into L to eliminate N R gives
where the last step uses σǫ = −ǫσ T = −ǫσ * . From there the proof proceeds as above. 
Under a global SU(2) L transformation, the second term is absent, and W 
where Q R = (t R , b R ) is the analogue of Q L for the right-chiral quark fields. Under SU(2) L , Q L → LQ L . If we let Q R transform under SU(2) R as Q R → RQ R , then the Yukawa Lagrangian is invariant under SU(2) L × SU(2) R custodial symmetry: Exercise 3.7 -The operator is invariant under global SU(2) L (as it must be, since it is also invariant under local SU(2) L ),
but not under SU(2) R ,
because of the presence of σ 3 . Only the hypercharge subgroup of SU(2) R is respected (see Exercise 3.2), as it must be.
